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Section I

10 Marks

Attempt Questions 1 to 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 to 10

1  For what values of x is the curve 7' (x) = 2x3 + x? concave down?

(A)x < —=
(B)x > —=
(C)x < —6
D)x > 6

What is the domain of the function f(x) = vx + \/% ?
(A) (0,2)
(B) [0, 2)
(©) (0,2]
(D) [0, 2]

3 Two events, A and B are independent, and P(4) and P(B) are both non-zero.

Which of the following expressions gives the probability that event A occurs and then event B
also occurs?

(A) P(B|4)
(B) P(A|B)
(C) P(AUB)
(D) P(A)P(B)

4  The variance of a discrete random variable X is Var(X) = 2.6
Calculate Var(3X — 1)

(A) 6.8
(B) 7.8
(C) 23.4
(D) 22.4
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5 Whatis f'(x) if f(x) = 3x*(4 — x)3?
(A) 12x3(4 — x)%(7x — 16)
(B) 12x3(4 — x)2(16 — 7x)
(C)3x3(4 — x)?(7x — 16)
(D) 3x3(4 — x)?2(16 — 7x)

6  Which type of relation is shown below?

X Y
1 D
2 *B
3 C
4

(A) One-to-one
(B) One-to-many
(C) Many-to-one
(D) Many-to-many

7 Which of the following best represents the graph of g(x) = 2 cos (g + g)‘?

(A) (B)
Y
7 T
1 1T
I b \ - | x | F—— = ——— X
_ o1+ T T —2‘1/ - —] + \v\jn
2+ 2+
-3 - 3+
© (D)
Y Y
3T 3o

NANL AN
ALY A= AR

CTHS AP4 Mathematics Advanced 2020 Page 4




8  What is the value of In2 + In4 + In8 + ... +1In22"?

(A) n?In2
B)n(n+ 1)In2
©)n(n + 2)In2
D) n(2n + 1)In2

9  What is the equation of the function f(x) whose graph has undergone transformations in the
following order?

e Translated left 2 units

e Horizontally dilated by a factor of 3
e Translated down 4 units

A) f (§ + 2) —4
B) f(3(x+2)) -4
©f () -1

D) f(3x+2) —4

10 The graph of y = f(x) is shown below.
x=A and x =C are stationary points, and x = B is a point of inflection.

> <

Over what domain is f'(x) <0 and f"(x)>07?

(A) (=0, 4)
(B) (4,B)
(©) (8,C)
(D) (C,x)

END OF SECTION I
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Section 11

90 marks
Attempt Questions 11-36
Allow about 2 hours and 45 minutes for this section

Answer each question in the spaces provided.
Your responses should include relevant mathematical reasoning and/or calculations.
Extra writing space is provided at the back of the examination paper.

Marks
Question 11 (2 marks)
A geometric sequence has a first term of 18 and the 9th term of the sequence is 8192. 2
What is the common ratio?
Question 12 (2 marks)
Find the exact value of 2

n
3
cos x dx.
L
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Question 13 (3 marks) Marks

Three towns, A4, B and C form a triangle. 3
Town 4 is 80 km from Town B and Town C is 40 km from Town 4 as shown below:

A

40 km
80 km

The bearing of Town B from Town 4 is 130 °. The bearing of Town C from Town 4 is 240°.
Find the distance between Town B and Town C, to the nearest kilometre.
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Question 14 (2 marks) Marks
Find < (x3tan 2x) 2
dx

Question 15 (2 marks)

Sketch the graph of y = —(x + 1)(x — 2)3, showing the intercepts. 2
g
N
< > X
YV
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Question 16 (2 marks) Marks

Given cos 8 = ; and 270° < 8 < 360°, find the exact value of sin 8. 2

Question 17 (2 marks)

1+sinx 2

Show that (tan x + sec x)? = —
1-sinx
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Question 18 (2 marks)

Solve 2cos?a—3cosa—2=0 for 0<a <m

Question 19 (2 marks)
Consider the functions f(x) = e* and g(x) = In(x — 2)

a) Find the composite function f(g(x)).
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Question 20 (4 marks) Marks
A curve with the equation y = f(x), has Z—i =x34+2x—7.

a) The point P (2, 4) lies on the curve. Find the equation of y. 2
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Question 21 (7 marks) Marks
A function is givenby y = 2x3 + 3x2 —12x — 5
a) Find the stationary points, determine their nature, and find any points of inflection. 5

Question 21 continues on page 13
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Question 21 Continued Marks

b) Sketch the curve, showing the stationary points, the point(s) of inflection and the y-intercept. 2

End of Question 21
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Question 22 (2 marks) Marks

The graph of y = sin x is shown in the diagram.

y

2

1
1
Question 23 (2 marks)
3x 2
d
Ify =— find =
1 dx
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Question 24 (4 marks) Marks

The diagram below shows the graph of y = f(x).

J(x)

a) Sketch f ' (x) 2

b) Sketch f(—x) 2

N
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Question 25 (5 marks) Marks

o 3+x\ . 6 3
Show that the derivative of In ( ) 1S
a) 3—x 9—x2
b) 2
Hence or otherwise find J 5 dx.
9—x

Questions 11- 25 are worth 43 marks in total.
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Question 26 (3 marks) Marks

2 3
Use the Trapezoidal rule, with four sub-intervals, to estimate the value of I V4—-xtdx ,
0
correct to 3 decimal places.
Question 27 (2 marks)
The probability density function for the continuous random variable X is given by:
[1—x] 0<x<2
f(x) = .
0 otherwise
Find P(X < 1.5) 2
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Question 28 (3 marks) Marks

A soft drink company produces a bottled drink. The amount of liquid poured into each bottle by
the bottling machine is normally distributed, with a mean of 300 mL and a standard deviation of

10 mL.
a) A bottle has a z-score of —1.2. How many mL below the mean is this bottle? 1
b) Inorder to comply with local regulations, at least 97.5% of bottles must contain more liquid than 2

indicated on the label.

What is the largest amount of millilitres the bottle’s label should show in order to comply with
the regulations?
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Question 29 (5 marks) Marks

It is known at the beginning of winter in a large population, 15% of the people in the population
will be infected with a particular virus.

a) Two people are selected at random, find the probability that both of them have the virus. 1

b) Four people are selected at random, find the probability that at least one of them has the virus. 2
Give your answer to 3 decimal places.

¢) What is the smallest number of people a drug company would need to test to have a greater than 2
95% chance that at least one of the tested people had the virus?
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Question 30 (3 marks) Marks

The functions y =+/x + 1 andy = 11 — x are sketched below.

'1}

[

-1 11\

-_—

Calculate the area bounded by the curves y =vx + 1 and y = 11 — x and the x-axis. 3
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Question 31 (2 marks) Marks

Find the value(s) of m given that m, 3m and m” +20 are consecutive terms of a geometric 2
sequence.

Question 32 (5 marks)

A probability density function is defined as f(x) = ke in the domain [0,3].

a) Show that £ =1.0524, correct to four decimal places. 2

Question 32 continues on page 22
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Question 32 Continued Marks

b) Hence, find the median value of the probability density function, correct to three decimal 3
places.

End of Question 32
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Question 33 (7 marks) Marks

A six-sided die is biased as shown in the probability distribution below.

X 1 2 3 4 5 6
PX =x) 0.1 | 0.25 | 0.05 a |0.17]0.13

a) Explain why a=0.3. 1
b) Find P2 <X <4) 1
c) Find P(X <4|X > 2) 1
d) Find the expected value of X. 1

Question 33 continues on page 24
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Question 33 Continued Marks

e) Find E(4X + 1) 1

End of Question 33
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Question 34 (5 marks) Marks

Max conducted a survey of a group of people he knew about their age and how much they earn
each week. The results are shown in the table below.

Age (years) (x) 18 45 28 15 32 68
Wage ($/week) (W) 715 2350 1530 438 1690 1320
a) Using your calculator, find () Pearson’s correlation coefficient correct to 2 decimal places and 2

describe the type and strength of correlation this data gives.

b) Using your calculator, find the equation of the least-squares regression line in the form 1

W = Bx + A where 4 and B are integers.

d) Your equation from part (b) cannot be used to make valid estimates for ages greater than 68 and 1
less than 15 years.

Justify this statement with calculations and/or reasons.
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Question 35 (6 marks) Marks

A swimming pool is to be emptied for maintenance. The quantity of water, Q in litres,
remaining in the pool at a time, t minutes, is given by:

Q(t) =2000(25—1t)%, 0<t<25
a) At what rate (in litres/min) is the water being removed at any time (t)? 1

b) How long will it take to remove at least half of the water from the pool? 2
Answer to the nearest minute.

Question 35 Continues on page 27
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Question 35 Continued Marks

¢) At what time does the rate of flow of water from the pool reach 20 kL/minute? 2

d) Describe how the amount of water remaining in the pool changes as the pool empties. 1
Mention how the rate itself changes in your answer.

End of Question 35
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Question 36 (6 marks) Marks

A 100 centimetre length of wire is cut into two pieces at point P, as shown in the diagram,
where x is the length of one of the two pieces of wire.

100 cm
| |
P
—
X
a) The piece that is length x cm is used to form a circle and the other is used to form a square. 3

Show that the total area of the circle and square can be given by :

x? (100 —x)?
A=y 2
4 16

Question 36 Continues on page 29
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Question 36 Continued Marks

b) At what length should x be cut to minimise the total area of the circle and square? 3
Give your answer to the nearest centimetre.

End of Paper
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section |

10 Marks

Attempt Questions 1 to 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 to 10

1  For what values of x is the curve f (x) = 2x3 + x? concave down?

(B)x > —=
C)x< -6
(D)x>6

What is the domain of the function f(x) = v/x + \/ZlTx ?
(A) (0, 2)
[0, 2)
(©) (0,2
(D) [0, 2]

3  Two events, A and B are independent, and P(A) and P(B) are both non-zero.

Which of the following expressions gives the probability that event A occurs and then event B

also occurs?

(A) P(B|A)
(B) P(A|B)

C)P(AUB)
(D) P(A)P(B)
4 The variance of a discrete random variable X is Var(X) = 2.6

Calculate Var(3X — 1)

(A) 6.8
(B) 7.8
@ 234
(D) 22.4
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5 Whatis f'(x) if f(x) = 3x*(4 — x)3?

(A) 12x3(4 — x)?(7x — 16)
(B) 12x3(4 — x)?(16 — 7x)
(C)3x3(4 — x)?(7x — 16)
@) 3x3(4 — x)2(16 — 7x)

6  Which type of relation is shown below?

X

()

._
O = O )

AW

(A) One-to-one

(B) One-to-many
Many-to-one

(D) Many-to-many

7 Which of the following best represents the graph of g(x) = 2 cos (g + %)7

(©) (D)
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8  What is the value of In2 + In4 + In8 + In2%™ ?

(A) n?In2
(B) n(n + 1)In2

C) n(n + 2)In2
@ n(2n + 1)In2
9  What is the equation of the function f(x) whose graph has undergone transformations in the
following order?
e Translated left 2 units

e Horizontally dilated by a factor of 3
e Translated down 4 units

f(§+2)—4
(B) f(3(x+2)) -4
© 1 (%) -4

(D) fBx+2)—4

10 The graph of y = f(x) is shown below.
X=A and x=C are stationary points, and X =B is a point of inflection.

Over what domain is f'(x)<0 and f "(x)>0?

(A) (=0, A)

(B) (A.B)
(B,C)

(D) (C,0)

END OF SECTION I
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Section 11

90 marks
Attempt Questions 11-36
Allow about 2 hours and 45 minutes for this section

Answer each question in the spaces provided.
Your responses should include relevant mathematical reasoning and/or calculations.
Extra writing space is provided at the back of the examination paper.

Marks

Question 11 (2 marks)

A geometric sequence has a first term oflSand the 9th term of the sequence is 8192. 2

What is the common ratio? R

................. T2 AT e

8

............ 192 2 g%l

...................................... @

......... @993 3 €

r",lessab ...........................................................

o ¢

......................... O e
Question 12 (2 marks)

Find the exact value of 2

................................... Wl cveemeieii
............. ,sm!'a.sml'
=§-—'— ......................................................................................
.................. B
............. B
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Question 13 (3 marks) Marks

Three towns, A, B and C form a triangle. 3
Town A is 80 km from Town B and Town C is 40 km from Town A as shown below:

%0

The bearing of Town B from Town A is 130°. The bearing of Town C from Town A is 240° .

Find the distance between Town B and Town C, to the nearest kilometre.
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Question 14 (2 marks) Marks

Find = (x3tan 2x) 2
dx

Question 15 (2 marks)

Sketch the graph of y = —(x + 1)(x — 2)3, showing the intercepts. 2
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Question 16 (2 marks) Marks

Given cos 0 = % and 270° < 08 < 360°, find the exact value of sin . 2

.....5...nw....il.\..3fd QWJ.

Question 17 (2 marks)

1+sinx 2

Show that (tan x + sec x)? = —
1-sinx

LAS={fan L + 5€C 2
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Question 18 (2 marks)

Solve 2cos?a—3cosa—2=0for0<a<m

Gs m.aohu N 2nd Gvad

o = 2W

..................... O T N

3

Question 19 (2 marks)
Consider the functions f(x) = e* and g(x) = In(x — 2)

a) Find the composite function £(g(x)).
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Question 20 (4 marks) Marks
A curve with the equation y = f(x), has Z—z =x3+2x—7.

a) The point P (2, 4) lies on the curve. Find the equation of y. 2

......... .God of Nomol = -5
Quahm...of...NQ(ma.l .................................................................
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Question 21 (7 marks) Marks
A function is given by y = 2x3 + 3x2 —12x — 5

a) Find the stationary points, determine their nature, and find any points of inflection. 5

..................... (xe2)(x-s0
......................... oxs-2 or xs b
o when xs5-2 yet5  y"z2-18 (4'<0).

.» Relohve maximum *uln«? poit_a (=2, 1)

.&z.l‘i) 'S o pmm— (>3 mflec}-on .

Question 21 continues on page 13
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Question 21 Continued Marks

b) Sketch the curve, showing the stationary points, the point(s) of inflection and the y-intercept. 2
\ |

End of Question 21
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Question 22 (2 marks) Marks
The graph of y = sin x is shown in the diagram.

a) Explain why the equation sinx = 1 —E has three solutions. 1

........... Tre line g=1-2% miesseed ysSex
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Question 24 (4 marks) Marks

The diagram below shows the graph of y = f(x).

a) Sketch f' (x) 2

b) Sketch f(—x) 2
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Question 25 (5 marks) Marks
3+ 6 3
Show that the derivative of In (3 x) is 5

a)

(] -g' b
........ [amoxs t)mm
:L ........... ’30%‘ ...... * ..............................
....................................... 6 3'“

Questions 11- 25 are worth 43 marks in total.
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Question 26 (3 marks) Marks

2 3
Use the Trapezoidal rule, with four sub-intervals, to estimate the value of '[\/4— x2dx ,
0
correct to 3 decimal places
Question 27 (2 marks)
The probability density function for the continuous random variable X is given by:
[1—x] 0<x<2
flx) = ,
0 otherwise o €I
pex| s f_
Find P(X < 1.5) "R 2,
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Question 28 (3 marks) Marks
A soft drink company produces a bottled drink. The amount of liquid poured into each bottle by
the bottling machine is normally distributed, with a mean of 300 mL and a standard deviation of
10 mL.

a) A bottle has a z-score of —1.2. How many mL below the mean is this bottle? 1

........... el 2. %103 12 ml below e mean

b) Inorderto comply with local regulations, at least 97.5% of bottles must contain more liquid than 2
indicated on the label.

What is the largest amount of millilitres the bottle’s label should show in order to comply with
the regulations?
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Question 29 (5 marks) Marks

It is known at the beginning of winter in a large population, 15% of the people in the population
will be infected with a particular virus.

a) Two people are selected at random, find the probability that both of them have the virus. 1

b) Four people are selected at random, find the probability that at least one of them has the virus. 2
Give your answer to 3 decimal places.

P(ad least |vieus, ) =} = P(mo wirvs 10 a

c) What is the smallest number of people a drug company would need to test to have a greater than 2
95% chance that at least one of the tested people had the virus?

.............. 1- (0-85)" »0:9S .

............... X In08S& In0OS
................................... N2In0:0S

..... l‘msmuﬁb%hgvarus
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Question 30 (3 marks) Marks

The functions y =+vx +1 and y = 11 — x are sketched below.

Calculate the area bounded by the curves y = vx + 1 and y = 11 — x and the x-axis. 3
L 7
............. I X ELII L T LTRSS - S
- ) §
.................................. R T S
............. o J O3 oy [ox-x N
-l > $
................ P(‘f?‘)‘.].......*.[(!'.».!!. ') - (we-g")]
............................. S T
¥ b
........... 5%[(Q‘-°)]*z
:‘8'1 ................................................................................
................................. Qe
............................................... g
........... =225 aod
Page 20
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Question 31 (2 marks) Marks

Find the value(s) of m given that m, 3m and m? + 20 are consecutive terms of a geometric 2
sequence. 2
m s M 429
m o9m

e 9 m-‘-mz* Qe
................... mz-qm*2°=°

Question 32 (5 marks)

A probability density function is defined as f (x) = ke ™ in the domain [0,3].

a) Show that k =1.0524, correct to four decimal places. 2
.................................................................... -3
3 xe*dx =z b ~-Xe " 2K =0
o -3 -
................ “ 3K(e-l)-'
1-Ke | 03. ..................................... K:-‘ ....................
e 3.\

Question 32 continues on page 22
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Question 32 Continued Marks

b) Hence, find the median value of the probability density function, correct to three decimal 3
places.

...... J1052¢e’dx 0.5

End of Question 32
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Question 33 (7 marks) Marks

A six-sided die is biased as shown in the probability distribution below.

X 1 [ 234576
PX=x) | 0.1 | 025|005| a |017 013

a) Explainwhy a=0.3. 1
............. Z P(Xex )= b
....... +e. 0:1+0.2540.05+a +0-11+0.\3 s )
e &20:8

b) FindP(2<X<4) 1

c) FindP(X <4|X > 2) 1
0-0540:3 = 1
................... it . . . . ... ... R .. ... .eeeeeeeeeeeeaaaaaaeenes

d) Find the expected value of X. 1

Question 33 continues on page 24
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Question 33 Continued Marks

e) FindEM4X+1) 1

End of Question 33
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Question 34 (5 marks) Marks

Max conducted a survey of a group of people he knew about their age and how much they earn
each week. The results are shown in the table below.

Age (years) (x) 18 45 28 15 32 68

Wage ($/week) (W) 715 2350 | 1530 | 438 1690 | 1320

a) Using your calculator, find (r) Pearson’s correlation coefficient correct to 2 decimal places and 2
describe the type and strength of correlation this data gives.

b) Using your calculator, find the equation of the least-squares regression line in the form 1

W = Bx + A where A and B are integers.

d) Your equation from part (b) cannot be used to make valid estimates for ages greater than 68 and 1
less than 15 years.

Justify this statement with calculations and/or reasons.

_No¥ vald ‘o extrapolole for ue 4ovges. g older
_werkess. - onl 3 modemk wnelahm. .m.ef.ﬁcm*
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Question 35 (6 marks) Marks

A swimming pool is to be emptied for maintenance. The quantity of water, Q in litres,
remaining in the pool at a time, t minutes, is given by:

Q(t) = 2000(25 — )%, 0<t <25

a) At what rate (in litres/min) is the water being removed at any time (t)? 1

b) How long will it take to remove at least half of the water from the pool? 2
Answer to the nearest minute.

............ Pool Full @b €30

...................... 25°t=:‘51205

o¥ leaS* half of dhe water .

Question 35 Continues on page 27
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Question 35 Continued Marks

c) At what time does the rate of flow of water from the pool reach 20 kL/minute? 2

............................ S 2 RS =

..................... after AQ mnS .

d) Describe how the amount of water remaining in the pool changes as the pool empties. 1
Mention how the rate itself changes in your answer.

........................................................... E=2S o
.......... Rate: Q'(t)=-~%4000 (aS -t .. ..
........ when £t =9 . Rate 2 -100000L[min
_when t=10 Rale = - 60000 L |min

....... uh@ﬂt‘-lSRoK=OL[mm

.............................................................................................................

i.2. The rale of Flow of /s
decreas g at a decreaswq rote

End of Question 33
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Marks

Question 36 (6 marks)
A 100 centimetre length of wire is cut into two pieces at point P, as shown in the diagram,

where x is the length of one of the two pieces of wire.
100 cm

P
—
X

a) The piece that is length x cm is used to form a circle and the other is used to form a square

Show %Qg E}alcar?a p ékac'iigf Wuar_i. can P&; ivoen -t')i
| chgx_zz 100 9= X

_4n+ 16

......................................................... LA 00N S
.......................................................................... W
B T

Question 36 Continues on page 29

Page 28
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Question 36 Continued

b) At what length should x be cut to minimise the total area of the circle and square?
Give your answer to the nearest centimetre.

............................... L
Slab pis ocevr when A =©

@, X e 100X =
zr ............. ? ................................................

................................ Q3o WEIGQR) Qi
................................................ BT
................................. % . 00OW + W 39O
................................... x(4eW) s 000
K = w0ofr
.......................................................................... e
.................................................................... C43qy
................................................. e
........ cbgckofcsan.“{,P.
................... A
aw 8
R - X X 3.
.............................. 0 foratx
............... o bk cn 13 Q@ minmYy

End of Paper .‘se
_ wve shovld be cot ot +4cmr o mnim

4he +otol area of the Sguare and cicle
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